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ABSTRACT

We introduce the use of the method of reassignment in sound
modeling to produce a sharper, more robust additive representa-
tion. TheReassigned Bandwidth-Enhanced Additive Model fol-
lows ridges in a time-frequency analysis to construct partials hav-
ing both sinusoidal and noise characteristics. This model yields
greater resolution in time and frequency than is possible using
conventional additive techniques, and preserves the temporal en-
velope of transient signals, even in modified reconstruction, with-
out introducing new component types or complicated phase inter-
polation algorithms.

1. INTRODUCTION

The method of reassignment has been used to sharpen spectro-
grams to make them more readable [1], to measure sinusoidal-
ity, and to ensure optimal window alignment in analysis of musi-
cal signals [2]. We use reassignment to improve our bandwidth-
enhanced additive modeling representation. Our representation
is similar in spirit to traditional sinusoidal models [3, 4, 5] in
that a waveform is modeled as a collection of components, called
partials, having time-varying amplitude and frequency envelopes.
Our partials are not strictly sinusoidal, however. We employ a
technique ofBandwidth Enhancementto combine sinusoidal en-
ergy and noise energy into a single partial having time-varying
amplitude, frequency, and bandwidth parameters [6, 7, 8]. Our
model uses the method of reassignment to improve the time and
frequency estimates used to define our partial parameter envelopes,
thereby improving the time-frequency resolution of our represen-
tation, and improving its phase accuracy.

2. TIME-FREQUENCY REASSIGNMENT

The short-time Fourier transform is often used as the basis for a
time-frequency representation of time-varying signals, and is de-
fined as a function of time indexn and frequency indexk as

Xh;k;n =

1X
l=�1

hn�lxle
�j2�lk

N (1)

where the subscripth specifies that the short-time waveform is
windowed by the functionhn.

Typically only the short-time magnitude spectrum is consid-
ered in the time-frequency representation. The short-time phase
spectrum is sometimes used to improve the frequency estimates in
the time-frequency representation of quasi-harmonic sounds [9],
but it is often omitted entirely, or used only in reconstruction [3].
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Figure 1: Window functions used by the three short-time trans-
forms used to compute reassigned times and frequencies. Wave-
form (a) is the original continuous-time window function,h (t),
the waveform (b) is time-weighted window function,th (t), and
waveform (c) is the frequency-weighted window function, com-
puted in the time domain bydh

dt
(t).

It has been shown that partial derivatives of the short-time
phase spectrum can be used to substantially improve the short-
time time and frequency resolution [10], and an efficient short-
time Fourier transform-based implementation has been developed
that does not require complex division [1].

The method of reassignment computes time and frequency
values for each spectral component from the spectral data. Instead
of locating each component at the center of the analysis window in
time and frequency, as in traditional short-time spectral analysis,
components are reassigned to the corresponding center of grav-
ity in time and frequency, computed according to the principle of
stationary phase [10].

Time and frequency coordinates can be computed using two
additional short-time Fourier transforms, one employing a win-
dow function equal tohn, the short-time window function in Equa-
tion 1, weighted by a time ramp and one employing a window
function having Fourier transform equal to the transform ofhn
weighted by a frequency ramp. The windows employed by the
three transforms are shown in Figure 1. Note that weighting by
a frequency ramp in the frequency domain is equivalent to a time
derivative in the time domain, so the frequency-weighted window
function can be computed as the time derivative of the original
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Figure 2: Comparison of time-frequency data included in common representations. Only the time-frequency orientation of the data points
is shown. The short-time Fourier transform (a) retains data at every timetn and frequency!k. The McAulay-Quatieri method (b) retains
data at selected time and frequency samples [3]. The reassigned bandwidth-enhanced analysis data (c) is distributed continuously in time
and frequency, and retained only at time-frequency ridges. Arrows indicate the mapping of short-time spectral samples onto time-frequency
ridges due to the method of reassignment.

window function.
The corrected time,̂tk;n for the short-time transform compo-

nent at timen and frequencyk is [1]

t̂k;n = tn �<
�
Xth;k;nX

�

h;k;n

jXh;k;nj2
�

(2)

whereXth;k;n denotes the short-time transform computed using
the time-weighted window functionth shown in Figure 1b, andtn
is the nominal time associated with thenth short-time transform,
normallynH for a short-time hop size ofH samples.

The corrected frequency,!̂k;n is [1]

!̂k;n = !k +=
�
Xdh;k;nX

�

h;k;n
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�

(3)

whereXdh;k;n denotes the short-time transform computed using
the frequency-weighted window functiondh

dt
shown in Figure 1c

and!k is the nominal frequency for thekth short-time coefficient,
2�k

N
for a transform of lengthN .
Note that, since the short-time Fourier transform is invert-

ible, and the original waveform can be exactly reconstructed
from an adequately-sampled short-time Fourier representation, all
the information needed to precisely locate a spectral component
within an analysis window is present in the short-time coefficients,
Xh;k;n. Temporal information is encoded in the short-time phase
spectrum, which is very difficult to interpret. The method of reas-
signment is a technique for extracting information from the phase
spectrum.

3. REASSIGNED BANDWIDTH-ENHANCED ANALYSIS

Reassignment transforms our analysis from a frame-based anal-
ysis into a “true” time-frequency analysis. Whereas the discrete
short-time Fourier transform defined by Equation 1 orients data
according to the analysis frame rate and the length of the trans-
form, the time and frequency orientation of reassigned spectral
data is solely a function of the data.

The method of analysis we use in our research models a sam-
pled audio waveform as a collection of partials having sinusoidal
and noise-like characteristics. The partials are defined by a trio
of synchronized breakpoint envelopes specifying the time-varying
amplitude, center frequency, and noise content (bandwidth) for
each component. The bandwidth-enhanced oscillator is described
by

yn = ~A

�p
1� �+

p
2� [�n � hn]

�
� ej!cn (4)

where ~A represents the local average partial energy,� represents
the fraction of total partial energy that is attributable to noise,!c is
the center frequency, and�n is a noise sequencethat excites a filter
with low-pass impulse responsehn. The bandwidth coefficient�
assumes values between 0 for a pure sinusoid and 1 for partial
that is entirely narrowband noise. The breakpoints for the partial
parameter envelopes are obtained by following ridges on the time-
frequency surface.

We use the method of reassignment to improve the time and
frequency estimates for our partial parameter envelope break-
points. Thus, our algorithm shares with traditional sinusoidal
methods the notion of temporally connected partial parameter esti-
mates, but by contrast, our estimates are non-uniformly distributed
in both time and frequency, as shown in Figure 2.

Analysis windows normally overlap in both time and frequen-
cy, so time-frequency reassignment often yields time corrections
greater than the length of the short-time hop size and frequency
corrections greater than the width of a frequency bin. Large time
corrections are common at strong transients. Since we retain data
only at time-frequency ridges, we generally observe large fre-
quency corrections only in the presence of strong noise compo-
nents.

4. SHARPENING TRANSIENTS

Time-frequency representations based on traditional short-time
Fourier analysis techniques fail to distinguish transient compo-
nents from sustaining components. A strong transient waveform,
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Figure 3: Two windowed short-time waveforms (dashed lines) that
are not distinguished in traditional short-time analysis methods.
Both waveforms are represented by low-amplitude spectral com-
ponents, but the strong transient on the left (a) yields off-center
components, having large time corrections (positive in this case
because the transient is near the right tail of the window), while
the sustained quasi-periodic waveform on the right (b) yields time
corrections near zero.

as shown in Figure 3a, is represented by a collection of low am-
plitude spectral components in early short-time analysis frames,
that is, frames corresponding to analysis windows centered earlier
than the time of the transient. A low-amplitude periodic wave-
form, as shown in Figure 3b, is also represented by a collection of
low amplitude spectral components. As mentioned in Section 2,
the information needed to distinguish these two critically differ-
ent waveforms is encoded in the short-time phase spectrum, and
is extracted by the method of reassignment.

Reassignment greatly improves time resolution by relocating
spectral peaks closer to the time of the transient events, so that
transients are not smeared out by the length of the analysis win-
dow. Components extracted from early or late short-time analysis
windows are reassigned to times near the time of the transient,
yielding clusters of time-frequency data points, as shown in the
reassigned analysis depicted in Figure 2.

Short-time components having large time reassignments, that
is, components having centers of gravity far from the temporal
center of the analysis window, are referred to asoff-centercompo-
nents. Since they represent events (usually transient events) that
are far from the center of the analysis window, and are therefore
poorly represented in the windowed short-time waveform, these
off-center components introduce unreliable spectral parameter es-
timates that corrupt our representation, making the model data dif-
ficult to interpret and manipulate.

Large time corrections make off-center components easy to
identify and remove from our model. By removing the unreli-
able data embodied by off-center components, we make our model
cleaner and more robust. Moreover, thanks to the redundancy in-
herent in short-time analysis with overlapping analysis windows,
we do not sacrifice information by removing the unreliable data
points. The information represented poorly in off-center compo-
nents is more reliably represented in well-centered components,
extracted from analysis windows centered nearer the time of the
transient event. Figure 4 shows reassigned bandwidth-enhanced
model data from the onset of a bowed cello tone before and after
the removal of off-center components.

5. PHASE MAINTENANCE

Preserving phase is important for reproducing some classes of
sounds, particularly transients and short-duration complex audio
events having significant information in the temporal envelope
[11]. The McAulay-Quatieri (MQ) sinusoidal algorithm [3] is
phase correct. That is, it preserves phase at all times in unmodified
reconstruction. In order to match short-time spectral frequency
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Figure 4: Time-frequency coordinates of data from reassigned
bandwidth-enhanced analysis before (a) and after (b) removal of
off-center components clumped together at partial births. The
source waveform is a bowed cello tone.

and phase estimates at frame boundaries, the MQ method uses cu-
bic interpolation of the partial phase.

Cubic phase has many undesirable properties for implemen-
tation. It is difficult to maintain and difficult to manipulate com-
pared to linear frequency envelopes. However, in unmodified re-
construction, cubic interpolation prevents the propagation of phase
errors introduced by unreliable parameter estimates, maintaining
phase accuracy in transients, where the temporal envelope is im-
portant.

It is not desirable to preserve phase at all times in modified
reconstruction. Because frequency is the time derivative of phase,
any change in the time or frequency scale of a partial must corre-
spond to a change in the sampled phases.

In general, preserving phase using the cubic phase method
in the presence of modifications (or estimation errors) introduces
wild frequency excursions [12]. Phase can be preserved at one
time, however, and that time is typically chosen to be the onset,
or birth of each partial, although any single time could be chosen.
The partial phase at all other times is modified to reflect the new
time-frequency characteristic of the modified partial.

Off-center components with unreliable parameter estimates
introduce phase errors in modified reconstruction. Since the phase
is maintained at only one time, typically the onset, even the cubic
interpolation scheme cannot prevent phase errors from propagat-
ing in modified syntheses.

By removing the off-center components at the onset of a par-
tial, we not only remove the primary source of phase errors, we
also improve the shape of the temporal envelope in modified re-
construction of transients by preserving a more reliable phase es-
timate at a time closer to the time of transient event. We can there-
fore maintain phase accuracy at critical parts of the audio wave-
form even under transformation, and even using linear frequency



envelopes, which are much simpler to compute, interpret, edit,
and maintain than cubic phase curves. Removing off-center com-
ponents with large time corrections leaves us with no reason to use
cubic phase interpolation.

6. BREAKING PARTIALS AT TRANSIENT EVENTS

A few methods have been proposed for representing transient
waveforms in additive sound models. Verma and Meng [13] intro-
duce new component types specifically for modeling transients,
but this method sacrifices the homogeneity of the model. A ho-
mogeneous model, that is, a model having a single component
type, such as the breakpoint parameter envelopes in our Reas-
signed Bandwidth-Enhanced Model, is critical for many kinds
of manipulations [14, 15]. Quatieri [11] proposes a method for
preserving the temporal envelope short-duration complex acous-
tic signals, but it is inapplicable to longer duration waveforms.
Neither of these methods addresses the phase problems associ-
ated with waveforms having multiple transient events. Peeters and
Rodet [2] have developed a hybrid analysis/synthesis system that
eschews high-level transient models and retains unabridgedOLA
(overlap-add) frame data at transient positions. The method of
removing off-center components described in Section 5 suggests
another approach.

Transients corresponding to the birth of all associated partials
are preserved in our model by removing off-center components at
the ends of partials. If transients always correspond to the birth
of associated partials, then that method will preserve the temporal
envelope of multiple transient events. In fact, however, partials
often span transients. In such cases, it is not possible to preserve
the phase at the locations of multiple transients, since,under mod-
ification the phase can only be preserved at one time in the life of
a partial.

Strong transients are identified by the large time corrections
they introduce. By breaking partials at components having large
time corrections, we can cause all associated partials to be born at
the time of the transient, and thereby enhance our ability to main-
tain phase accuracy. By breaking partials at the locations of tran-
sients, we can preserve the temporal envelope of multiple transient
events, even under transformation.

7. CONCLUSIONS

We have found that the method of reassignment dramatically im-
proves our bandwidth-enhanced additive sound model. Tempo-
ral smearing is greatly reduced because the time-frequency ori-
entation of the model data is waveform-dependent, rather than
analysis-dependent as in traditional short-time analysis methods.
Moreover, time-frequency reassignment allows us to identify un-
reliable data points (having bad parameter estimates) and remove
them from the representation. This not only sharpens the represen-
tation and makes it more robust, but it also allows us to maintain
phase accuracy at transients, while avoiding the problems associ-
ated with cubic phase interpolation.
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